
MAT102H5 Y - SUMMER 2020 - PROBLEM SET 5

UPDATE JULY 20, 2020

Submission

• You must submit your completed problem set on Crowdmark by 5:00 pm (EDT) Friday July
24, 2020.
• Late assignments will not be accepted.
• Consider submitting your assignment well before the deadline.
• If you require additional space, please insert extra pages.
• You do not need to print out this assignment; you may submit clear pictures/scans of your work on lined

paper, or screenshots of your work.
• You must include a signed and completed version of this cover page.

Additional Instructions

You must justify and support your solution to each question.

Academic Integrity

You are encouraged to work with your fellow students while working on questions from the problem sets.
However, the writing of your assignment must be done without any assistance whatsoever.

By signing this statement I affirm that this assignment represents entirely my own efforts. I confirm that:

• I have not copied any portion of this work.
• I have not allowed someone else in the course to copy this work.
• This is the final version of my assignment and not a draft.
• I understand the consequences of violating the University’s academic integrity policies as outlined in the
Code of Behaviour on Academic Matters.

By signing this form I agree that the statements above are true.
If I do not agree with the statements above, I will not submit my assignment and will consult my course

instructor immediately.

Student Name:

Student Number:

Signature:

Date:

This work is licensed under the Creative Commons Attribution-NonCommercial-ShareAlike 2.5 Canada License. Authors: Mike Pawliuk and Qun Wang.
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Problem 1. Consider the function f(x) =
x + 3

x + 1
and the numbers defined by

a1 = 1, an+1 = f(an), bn = |an −
√

3|, Sn =

n∑
i=1

bi

(1) What is the range of f(x) if the domain is x 6= −1?
(2) What is the range of f(x) if the domain is [

√
3,∞)?

(3) What is the range of f(x) if the domain is [0,
√

3]?

(4) Prove that for every natural number n, bn ≤
(
√

3− 1)n

2n−1
(hint: Use mathematical induction if you prefer.)

(5) Prove that for every natural number n, Sn <
2
√

3
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Problem 2. An ice cream shop offers the following deal for repeat customers:

(1) After you buy 10 ice cream cones, you get an 11th one for free.
(2) After that, if you buy 9 ice cream cones, you get a 10th one for free.
(3) After that, if you buy 8 ice cream cones, you get a 9th one for free.
(4) (Similarly for buying 7, 6, 5, 4, 3, 2, then 1 ice cream cone.)
(5) Finally after all that they give you one free bonus ice cream cone.

You must:

(1) Compute the total discount (i.e. the percentage of ice cream that is free) that a customer receives if they
receive all 11 free ice cream cones.

(2) Suppose that instead of starting at “buy 10 get 1 free” it started at “buy n, get one free” (still going down
by one each time), where n is a natural number. Compute the total discount the customer will receive if
they receive all n + 1 free ice cream cones.

(3) Compute the discount in part (2) for n = 2020.
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Problem 3. 4.6.29 from the textbook. Let x be a non-zero real number, such that x + 1
x is an integer. Prove

that for all n ∈ N, the number xn + 1
xn is also an integer.
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Problem 4. Recall that the Fibonacci numbers are defined by F0 = 0, F1 = 1 and Fn+2 = Fn+1 + Fn for all
n ∈ N ∪ {0}.

(1) Make and prove an (if and only if) conjecture about which Fibonacci numbers are multiples of 3.
(2) Make a conjecture about which Fibonacci numbers are multiples of 2020. (You do not need to prove your

conjecture.) How many base cases would a proof by induction of your conjecture require?

Problem 5 (You do not need to submit a solution to this question). Fibonacci (the mathematician)
introduced Fibonacci numbers to Europe in his book Liber Abaci in 1202. Did he discover these numbers? Who
knew about these numbers before him? What other major mathematical objects did the book Liber Abaci introduce
to Europe?
You can listen to a podcast about this here: https://n.pr/2Pi9Cr6


